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1. INTRODUCTION 
If G is a group and G = AB where A and B are subgroups, there are several 
results which deduce the solvability of G from suitable conditions on A and B. 
In particular, if G is finite and A has a nilpotent subgroup H of index 2, then 
Huppert and Ito [6] and Knop [9] h ave shown that G is solvable if B is cyclic, 
and Carr [2], Finkel[4], and Walls [ 1 l] have generalized this to get the solvability 
of G if B is abelian or Dedekind. 
In this paper we generalize these results and consider the case where B is 
nilpotent. If 1 B 1 is odd we obtain solvability, and if 1 B 1 is even we obtain 
solvability under additional restrictions on B. In particular, we prove the 
following: 
THEOREM A. Let G be a finite group with subgroups A, B, and H such that 
G = AB, H < A, [A : H] = 2, and H and B are nilpotent. If 1 B ] is odd, then 
G is solvable. 
THEOREM B. Let G be a jinite group with subgroups A, B, and H such that 
G = AB, H < A, [A : H] = 2, and H and B are nilpotent. Then G is solvable 
if any of the following occur: 
(i) 1 H 1 is odd. 
(ii) If A < M $ G, then [M : A] is odd. 
(iii) A is maximal in G. 
(iv) The Sylow 2-subgroup B, of B is abelian. 
(v) Every subgroup of B, is normal in B, . 
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The proof of Theorem A relies heavily on the Unbalanced Group Theorem, 
the proof of which is essentially complete (Walter [12] and several others). We 
have assumed it throughout the paper as Assumption 2.5. Theorem B follows 
from Theorem A and Theorems 4.1, 4.2, and 4.3. 
2. PRELIMINARY RESULTS 
We quote some results which we shall need below. Our notations are standard 
(see [lo]). Throughout, G is a finite group and A and B are subgroups so that 
G=AB. 
THEOREM 2.1. If p is a prime dividing both 1 A 1 and 1 B I, and zjp A and B 
have normal Sylow p-subgroups, and ;f every proper quotient group of G and 
every proper subgroup of G containing A or B is solvable, then G is solvable. 
(Essentially Satz 1 of [8]; proved in this form in Finkel [3]). 
THEOREM 2.2. If A and B are nilpotent, then G is solvable. (Kegel [S] and 
Wielandt [ 131). 
THEOREM 2.3. If A has a nilpotent subgroup H of index 2, and B is either 
a p-group OY abelian, then G is solvable. (Finkel [3] and [4] and Carr [2]). 
THEOREM 2.4. If G = AB, where A CI B = 1 and 1 A 1 is twice an odd 
number, then G has a subgroup K of index 2 such that no involution of A is contained 
in K. (Lemma 1 of Finkel [4]). 
DEFINITION. If G is any group, the core of G, denoted O(G), is the largest 
normal subgroup of G of odd order. 
We assume the following throughout the paper, and call it Assumption 2.5. 
The proof of Assumption 2.5 is essentially complete (Walter [12] and others). 
ASSUMPTION 2.5 (Unbalanced Group Theorem). Let G be a non-abelian 
finite simple group having an involution t with 0(&-(t)) fi 1. Then G is a 
Chevalley group of odd characteristic or an alternating group of odd degree 
or PSL(3,4) or Held’s group, He. 
3. THE CAKE (I A 1, 1 B I) = 1 
In this section we consider the case where (I A 1, I B I) = 1. More generally, 
by Theorem 2.1, we only need to require that (2, I B 1) = 1. In particular, we 
prove the following theorem. 
THEOREM A. Let G be a finite group with subgroups A, B, and H such that 
232 FINKEL AND LUNDGREN 
G = AB, H < A, [A : H] = 2, and H and B are nilpotent. If / B 1 is odd, then 
G is solvable. 
Proof. Suppose the theorem is false and let G be a minimal counterexample. 
If N is a non-identity normal subgroup of G, then G/N = (AN/N)(BN/N) 
and AN/N contains a nilpotent subgroup, HN/N, of index 1 or 2 and BN/N 
is nilpotent, so G/N is solvable by Theorem 2.2 or by induction. Similarly, 
using the Dedekind identity, every proper subgroup of G containing A or B 
factorizes and so is solvable. 
Since every Sylow p-subgroup of H is normal in A, and for p # 2 is a Sylow 
subgroup of A, / A / and / B 1 are relatively prime, or G would be solvable by 
Theorem 2.1. From this it follows that G is simple, for let N be any non-identity 
normal subgroup of G, and consider AN. If AN is proper in G, then AN is 
solvable, so N is solvable. But then G is solvable since G/N is also solvable. 
Hence, AN = G, and similarly BN = G. Since (/ A I, 1 B I) = 1, this implies 
G = N, so G is simple. 
Next let A < M $ G. Then M is solvable. We will show that O(M) # 1. 
Let F = F(M) be the Fitting subgroup of M. If Fi , the Hall 2’-subgroup of F, 
is non-trivial then F; < O(M) and we are done, so we may assume that F is a 
2-group. Hence, F < A. If F < Hz, the Sylow 2-subgroup of H, then 
H,, < C,(F) < F, contrary toF being a 2-group. If F $ Hz , then 3x E A - H, 
x E F. Then [x, Hz,] < F n H,, = 1, so x E C(H,,) and A is nilpotent, and so G 
is solvable by Theorem 2.2, a contradiction. Hence O(M) + 1. 
Let A, be a Sylow 2-subgroup of A. Since G is simple, we have / A, 1 > 4 
so that Hz # 1. Since H, Q A,, there exists an involution t such that 
t E H, n Z(AJ. Let M = Co(t); then A < M $ G, so O(M) # 1. Hence, 
G satisfies the hypothesis of the Unbalanced Group Theorem (Assumption 2.5), 
so G is a Chevalley group of odd characteristic or an alternating group of odd 
degree or P.!X(3,4) or Held’s group. The proof of Theorem A will be complete 
when we have ruled out these possibilities for G. 
First suppose that G g A2n+l . If t is an involution such that t E Z(A,) IT H, , 
then for n 3 6, M = Cc(t) contains a subgroup isomorphic to A,, hence is 
not solvable, a contradiction. Hence we only have to consider A, , A, , A, , 
and A,, . Then the subgroup B must contain a nilpotent Hall (p, &subgroup 
K of G of odd order, whereas one readily verifies that G has no such subgroup K. 
Next suppose G z PSL(3,4); then [ G 1 = 26 . 32 * 5 . 7 and so all Sylow 
p-subgroups of G are abelian for p # 2 so B must be abelian, and this possibility 
is ruled out by Theorem 2.3. 
If G is isomorphic to He, then the centralizer M of a central involution in G 
is isomorphic to the sphtting extension of an extra-special group of order 2’ 
by L,(7). Hence M is not solvable so this case can’t happen. 
Now suppose G is a Chevalley group of odd characteristic. For t an involution, 
t E H, n Z(A,), we have A < C,(t), so C,(t) is solvable. The only simple 
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Chevalley groups having a solvable centralizer of an involution are A,(q), 
Q > 3, A,(3), aA,(3), B,(3) = C,(3), and G,(3) (Burgoyne and Williamson [I]), 
so we only need to consider these groups. 
As /Z,(q) E PSL(2, q), we may examine Ito’s list of the factorizations of 
these groups [7] and observe that none of these factorizations satisfy the 
hypothesis of our theorem, so that G is not A,(q). 
We see that the orders of A,(2), A,(3), and 2A,(3) each involve only three 
primes, and so if G is one of these groups, either A or B is ap-group, and so G 
is solvable by Theorem 2.3. 
Finally, C,(3) and G,(3) have the property that no Sylow 2-subgroup 
normalizes any non-trivial 2’-subgroup ([5], pages 478, 492). Since in our case 
A, normalizes H,, , this would make H,, = I, A a 2-group, and G solvable by 
Theorem 2.2. 
This contradiction completes the proof of Theorem A. 
4. THE CASE (/ A 1, ( B I) f 1 
In this section we consider the case where (I A 1, 1 B 1) # 1. We may imme- 
diately apply Theorem 2.1 to get that (I A 1, I B I) = 2i, i 3 1. First we consider 
the case where I H 1 is odd. 
THEOREM 4.1. Let G be a fkite group with subgroups A, B, and H such that 
G = AB, H < A, [A : H] = 2, and H and B are nilpotent. If 1 H j is odd, then 
G is solvable. 
Proof. Suppose the theorem is false and let G be a minimal counterexample. 
Then, as in the proof of Theorem A, all proper subgroups containing A or B 
and all proper factor groups are solvable by induction or known results. Also 
note that if I B / is odd, we are done by Theorem A, so we may assume that 
1 B ! is not odd. 
Let B, be a Sylow 2-subgroup of B; then B, Q B. For K = No(B2), we 
have K $ G and K is solvable. By Theorem 13.2.5 of [IO] there is a Sylow 
2-subgroup A, of A such that T = A,B, is a Sylow 2-subgroup of G. If 
A, < B, , then G = HB is solvable by Theorem 2.2, hence A, 4 B, . Hence, 
since [T : B,] = 2, we have that T < K. Let v be the set of prime divisors 
of B and let C be a Hall r-subgroup of K. Then I C j = I A,B I and G = CH 
satisfies the hypothesis of Theorem A, hence G is solvable, a contradiction. 
The proof is complete. 
Next we prove a theorem where we place restrictions on the proper subgroups 
containing A, which we then apply to a number of other situations. 
THEOREM 4.2. Let G be a finite group with subgroups A, B, and H such that 
G = AB, H < A, [A : Hj = 2, and H and B are nilpotent. In addition, suppose 
that if A < M 3 G, then [M : A] is odd. Then G is solvable. 
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Proof. Suppose the theorem is false, and let G be a counterexample of 
minimal order. Again, as in the proof of Theorem A, we get that all proper 
factor groups and all proper subgroups of G containing A are solvable. 
Then by Theorem A we can assume that 1 B 1 is not odd, and by Theorem 4.1 
that 1 H 1 is not odd. Therefore there exist non-trivial subgroups H, , A, , B, , 
and G, , Sylow 2-subgroups of H, A, B, and G, respectively, so that G, = A,B, 
and H, < A,. 
We claim j H, ] = 2. Since A, < N,JA,), we have NoJA,) = A,(N,2(A,) n B), 
and (NG2(A,) n B) - A, # 0. Let x E (NG2(A,) n B) - A, where ~2 E A,, 
and consider K = H, n H2$. Then A,, A,, , and x all normalize K, so 
[N,(K) : A] is even. Hence we must have N,(K) = G. Since K is solvable, 
then K = 1. Note that since [N,(H,) : A] must be odd by hypothesis, we must 
have NG2(H2) = A, and so x $ N,(H,). Therefore A, = H,H,“. This gives 
2 1 H2 \ = j A, ( = 1 H,H,3c 1 = ] H, 1 I H,” I or ] H, 1 = 2, as claimed. 
We now show that Ga is the dihedral group of order 8. To see this, first we 
show that A, n B, = 1. Since 1 A, [ = 4 and A, = H,H,“, we have A, is a 
four-group, say A, = (a, y) with H, = (y). Then if A, n B, = A, , then 
G = A,fB and so G is solvable by Theorem 2.2. If A, n B, = H, , then 
G = (a, A,,) B is solvable by Theorem 4.1. If A, n B, = (a) or (ay}, then 
G = HB is solvable by Theorem 2.2. Hence, A, n B, = 1. We note that since 
for any g E G, we have G = ABg, we can show similarly that for any g E G, 
A, n B,g = 1. 
Now B, is a subgroup of G, of index 4, and B, does not intersect the center 
of G, since N,(H,) = A, and A, n B, = 1. Consider the action of G, on the 
right cosets of B, in G, . This gives a homomorphism from G into the symmetric 
group on 4 letters, which is an injection since the kernel is contained in B, and 
B, n Z(G,) = 1, and as 1 G, / > 4, we must have G, isomorphic to the Sylow 
2-subgroup of the symmetric group on 4 letters, the dihedral group of order 8. 
A non-solvable group with dihedral Sylow 2-subgroups of order 8 either has 
exactly one conjugacy class of involutions or has a normal subgroup of index 2 
(Theorem 7.7.3 of [5J). If our group G has only one conjugacy class of involutions, 
then for some g E G, B,g < A, , contrary to A, n B,g = 1. 
So we may suppose that G has a normal subgroup N of index 2. Now N is not 
solvable, or else G would be solvable, so N has four-groups as Sylow 2-subgroups. 
Therefore, N must have a single conjugacy class of involutions (Theorem 7.7.1 
of r5n* 
Let N, be a Sylow 2-subgroup of N contained in G, . The two four-groups 
in G, are A, and Z(G,) . B, . If N2 = Z(G,) * B, , then since N has a single 
conjugacy class of involutions, for some g E N, B2’J = Z(G,) < A2 , again 
contradicting A, n B,g = 1. Therefore N, = A, . But A,, < N since 
[G:N]= 2, so A < N. This makes N solvable by induction, and 
therefore G solvable as well. This final contradiction completes the proof of the 
theorem. 
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THEOREM 4.3. Let G be a Jinite group with subgroups A, B, and H such that 
G = AB, H < A, [A : H] = 2, and H and B are nilpotent. Then G is solvable 
if any of the following hold: 
(i) A is maximal in G. 
(ii) The Sylow 2-subgroup B, of B is abelian. 
(iii) Every subgroup of B, is normal in B, . 
Proof. That G is solvable if(i) holds is immediate by Theorem 4.2. Since (ii) 
implies (iii), we will show that G is solvable if (iii) holds. 
Assume that G is a counterexample of minimum order. Then, as before all 
proper factor groups and all proper subgroups containing A or B are solvable. 
Suppose that A < M $ G and [M : A] is even. Then M = A(M n B) and 
T=MnB,#l.ThensinceT~B,,TB=TsothatTC=TBA=TA<M 
and TG CI G. Since M is solvable, TC is solvable. But then G would be solvable 
since G/TG is solvable. Hence, if A < M $ G, then [M : A] is odd. But then G 
is solvable by Theorem 4.2. The proof is complete. 
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